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Abstract 

We prove a multiplier version of the Bernstein inequality on the complex 
sphere. Included in this is a new result relating a bivariate sum involving Jacobi 
polynomials and Gegenbauer polynomials, which relates the sum of reproducing 
kernels on spaces of polynomials irreducibly invariant under the unitary group, 
with the reproducing kernel of the sum of these spaces, which is irreducibly 
invariant under the action of the orthogonal group. 
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1. Introduction and preliminaries 

In this article we prove a multiplier version of the Bernstein inequality of the 
type proved by Ditzian [Jj . Since the restriction to a geodesic of a polynomial on 
a complex sphere is just a trigonometric polynomial on a circle, we immediately 
have a tangential Bernstein inequality 

||AtPn||oo < "llPnlloo, 

where D u is the tangential derivative in the direction of u and p n is any poly- 
nomial of degree n. For more information on tangential Bernstein inequalities 
on algebraic manifolds see e.g. Bos et. al. Q. An important stepping stone for 
this proof is Theorem 12.11 in which prove a new bivariate summation formula 
for Jacobi polynomials. 

We follow Koornwinder Q in our description of the complex sphere, and 
the harmonic analysis thereof. Let C 9 be q-dimensional complex space. We 
will denote vectors in C q by z = (zi, 22, • • • , z q ). Let the inner product of two 
vectors w, z £ C 9 be 
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and the length of a vector be |z| = (z, z) 1 / 2 . Let 

S 2q = {zeC q : |z| = 1}, 

be the sphere in C q . We note here that § 2? has topological dimension 2q — 1, 
but that we keep with the established notation so as not to confuse the reader. 
Let d(w, z) be the geodesic distance between w and z on E> 2q . 

The complex sphere is invariant under the action of the unitary group U qi 
the group of q x q complex matrices U which satisfy 

UU* = I q , 

where U*j = Uji, i, j = 1, • • • , q. 

Using the polar form for a complex number we can write z € E> 2q in the form 

z = {r 1 e i *\r 2 e i ^,---,r q e i *<>), 
where X)f=i r j = 1- ^ we se ^ r i = cos (9, we can write 

z = cosfle^ei +sin6»z', (1) 

where is the unit vector in the fcth coordinate, and z' e § 2 (9 _1 ) . Here <f> = <f>x, 
(obviously) sin 9 = \J r\ + ■ ■ ■ + r 2 , and 

z' = (sin^-^rae^ 2 ,---,^^). 

We can easily verify that S 2q = {Uex, U € Thus, for any z e S 2|J , there 
exists & U £ U q such that JJei = z. We call this action of U q on E> 2q transitive. 
Now it is clear that if we view U q -i as acting on the orthogonal complement of 
ei, then ei remains fixed under this action. Thus we can write 



On the real sphere we are accustomed to the idea that the polynomials on the 
sphere may be orthogonally decomposed into subspaces of spherical harmonics, 
each of which is invariant under the action of the orthogonal group. For the 
complex sphere the picture is not so straightforward. Now we wish to identify 
the spaces of polynomials which are minimally invariant under the action of the 
unitary group, and this issue is discussed in Section [2] 

Let dy,iq be the W g -invariant normalised measure on the sphere, and define 
the inner product of /, g, two functions on S 2q , by 

= / fgdfx 2q . 
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Let us define the family of L r norms on S 2? : 




r = 



1 < r < oo, 



In this paper we will be discussing U q invariant kernels on E> 2q . These are kernels 
k : § 2q x S 2q -> C, such that n(Ux,Uy) = rc(x,y) for all U € Previous 
results of Ditzian [4[ have been valid for two-point homogeneous spaces. These 
are spaces which for pairs of points which are equidistant, there is a single 
isometry which maps one pair to the other (see Wang Q for more information). 
For two points spaces, the geodesic distance is a function of the inner product 
in the ambient space. A consequence of this is that all isometrically invariant 
kernels are univariate functions of distance. 

For the complex spheres this is not the case. However, we does have the fol- 
lowing analogous property. Suppose we have pairs of points xi,yi and x 2 ,y2, 
with (xi,yi) = (x 2 ,y 2 ). Since the unitary group acts transitively on the com- 
plex sphere, there exist U\,U-z £ U q such that U\X.\ = t/ 2 x 2 = ei. Recalling (JTJ, 
and using the fact that U q -\ acts transitively on S 2q ~ 2 , we know there exists 
U' € U q , such that U'U\y\ = t/ 2 y2, and U'e\ = e\. Hence, U 2 ~ 1 U'Uix.i = x 2 , 
and J7 2 _1 f/'C/iyi = y 2 - Hence, we conclude that if (xi,yi) = (x2,y 2 ) there 
exists U G U q such that C/xi = x 2 and Uyi = y 2 . This is analogous to the 
two point homogeneous property of the reals spheres. A straightforward conse- 
quence of this is that if k is U q invariant k(xi,x 2 ) = «(f7xi, t/x 2 ) = >«(yi,y 2 ), 
so that k is invariant on points with (xi,yi) = (x 2 ,y 2 ). Thus we have 

Lemma 1.1. If k is a U q -invariant kernel then 



for some univariate function ?p. 

We can define a convolution of an arbitrary / € Li(S 2g ) function, with a 
^-invariant kernel h G Li(E> 2q ) function: 



«(x,y) = ^((x,y)) 




z 



(xi +h/i,x 2 +iy 2 , ■ ■ ■ ,z q + iy q ) 



as a 2q-dimensional real space with variables 



w = (xx,yx,X2,V2, ■ ■ ■ ,x q ,y q ). 
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The inner product of two vectors w and w' in this space is 
(w,w') = ^(xjx'j +yjv'j) = 9£(z,z'), 

3=1 

with z' = (x[ + iy[ , x' 2 + iy' 2 , ■ ■ ■ , x' q + iy'„). Hence, a point with standard rep- 
resentation on the complex sphere, has geodesic distance cos -1 (cos#cos</>) 
from the north pole on the associated real sphere. 

2. Harmonic analysis 

To start with it might be informative to briefly discuss harmonic analysis 
on the circle as a subset of the complex numbers as opposed to a subset of R 2 . 
In the former case we complex Fourier series with a basis {1, z k , z k }, k = 1, ■ ■ •. 
The unitary group in this case is just the unit circle in the complex numbers. 
Invariant subspaces under the action of the unitary group are just the one 
dimensional spaces, constants, span{z fc }, span{z fe }, k = 1,2, • • •. For the latter 
case we have a basis {1, di(z k ),^s(z k )}, k = 1,2, • • -. The subspaces which are 
invariant under 2x2 orthogonal matrices are, constants, span {3?(z fe ), 3(z fc )}, 
k = 1, 2, • • •, which are two dimensional. Hence we see that the use of the unitary 
matrices, as opposed to the orthogonal matrices has given us a finer division of 
the polynomial spaces. 

In this spirit let us define the space V(m, n) of homogeneous polynomials in 
C q as those of the form P(z,z) = P(zi,Z2, ■ ■ ■ ,z q ,~zi,Z2, • • ■ ,z q ), satisfying 

P(az,/3z) = a m /3"P(z,z), m,neN, a,/3eC. 

Here we are regarding z and z formally as different variables, though this is not 
really the case. Then we define hom(m, n), the space of homogeneous polyno- 
mials on the sphere, to be the restriction of V(n, m) to the sphere via 

p(z) = P(z,z), ze§ 2 «. 

Since on the sphere Z\Z\ + z{z 2 + • • • + z q z q = 1, we have hom(m — l,n — 
1) C hom(m, n). We define the space of harmonic polynomials harm(m, n) = 
hom(m, n)nhom(TO— 1, n— 1) , where orthogonality is with respect to the inner 
product above. In [5( these polynomials are defined in terms of the Laplace 
operator, but Theorem 3.4 therein: 

hom(m, n) — 0™g' m: ™'harm(TO — k,n — k), 
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tells us that our definition is equivalent. For ease of notation let us write mAn — 
min(m, n). 

From [5] we know that the dimension of harm(m, n) is 

_ (m + n + q- \){m + q - 2)!(n + q - 2)! 
m ' n ~ m\n\{q-l)\{q-2)\ ' {) 

Now, let Hi — ® z fc=0 harm(7 — k, k) be the harmonic space of degree I. We can 
compute the dimension di of Hi directly by summation, but also we have that it 
has the same dimension as the space of spherical harmonics in M. 2q , which from 
e.g. Miiller 0, Page 4] is 

1 + 2q-l\ fl + 2q-3\_ 2 {I + q - + 2 q - 3)! 

(6) 



I J V 1 J (2? -2)! l\ 

The dimension of the full polynomial space V n — ®™ = qHi is 

1 (2n + 2g-l)(n + 2g~2)! 
tn ~(2g-l)! n! ■ lj 

Let fci, ^2, • • • , fcd m „ be an orthonormal basis for hom(m, n). Then the re- 
producing kernel for projection onto hom(m, n) is 

K m ,„(z,w) = ^ kj(z)kj(w). (5) 

i=i 

It is straightforward to show that this kernel is Wg-invariant. Similarly the 
reproducing kernel for Hi, 



hi(z, w) = 2J Kj-fc,fc(z,w), 



fc=0 

is Wg-invariant. 

Since the reproducing kernels are W g -invariant we have, from Lemma 11.11 
that 

K m ,n(z,w) = 1p((z, w)), 

for some univariate function ^. In order to determine ip we need to use its 
orthogonality properties. 

In terms of the standard representation {1} we can write the surface element 
on § 2<? as 

d/z 2g (z) = cos9(sin9) 2q ~ 3 d0d(j}dfi2q-2, 

since surface area on rS 2q ~ 2 scales like r 2<? ~ 3 . If we make the change of variable 
t = cos 9 then we see that the measure cos 9 (sin 9) 2q ~ 3 d9 = i(l — t 2 ) q ~ 2 dt arises. 
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Thus we might expect the reproducing kernels for the harmonic subspaces, which 
are orthogonal, to be related to orthogonal polynomials with a weight (1— t 2 ) q ~ 2 , 
and indeed this is the case. 

From Q we have the following representation of the reproducing kernels for 
the irreducible polynomial spaces "H(ro, n), 

p(q-2,\m-n\) , rrvi (na\\ 

wx, y ) = <we^-") vsfl) 1 — 1 m ;v 2 ^-nT 7 ■ (6) 

where (x, y) = cos de^. Here pj Q,/3) is the de gree j Jacobi polynomial which is 
orthogonal with respect to the weight (1 — t) a (l + t)@ . For ease of notation we 
will now write ki(9, </>) instead of k/(x, y) 

As stated in the introduction, we can also view the complex sphere as a real 
sphere. The harmonics in hom(m, n) are complex harmonics on the real sphere 
of degree m + n; see Q. The associated real sphere is of dimension 2q — 1. 
Hence, we have the following reproducing kernel formula 



^ n, m , n (z, w) = hi(z, w)=d ^ 1 (g.i)"' " " , (7) 

m+n=l Pi (1) 



r 



where Pf ',1 > are the Gegenbauer polynomials which are orthogonal with 
respect to the weig ht (1 -ey- 1 / 2 . We normalise the Gegenbauer polynomials 

by 



pro) X , 

Here we interpret z and w as points on the real sphere, and if (z, w) = e 1 ^ cos# 
then (z, w) = cos#cos(/> (see the closing remarks of Section [TJ. 

In mind of (JS|) and ©, we have the following interesting (and we believe 
new) formula relating Jacobi and Gegenbauer polynomials. 

Theorem 2.1. For d>l and I > 

V- . l(m- n )* fnn£ m|m-»| j3 mA»' |m "" l) (cOs(26')) _ P/ g ~ X) (COS 6> COS 0) 

2^ «™,« e (cost/; „f n _2.i m -«h^, ~ fli 



^ u, m , nl , („_2,|m-n|) m p(9-l)m 

m+n=i r mAn W *J ) 

We wish to define multiplier (pseudodifferential) operators via their action on 
the harmonic subspaces T-Li- Let Mi be the orthogonal projector from L,2(S> 2q ) — > 
%i, I = 0, 1, • • •. The kernel of this projection is hi, so that 

M l f = f*hi. 
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Let Xi,l — 0, 1, • • • , be a sequence of increasing real numbers. Then, for / £ 
Li(E> 2q ) (which thus has a formal Fourier expansion), the multiplier operator 

oo 

Af = J2*iMif. 

1=0 

In Theorem l4.1[ in Section 21 we will show that for p £ V n , 
||Ap|| r < A„||p|| r , 1 < r < oo. 

3. Cesaro means for reproducing kernels 

In order to prove Theorem 14.11 we observe that for p £ V n , 
Kp = K m *p, m>n, 

where 

n m 
Z=0 l=n+l 

where the numbers A; , I = n + 1 , • • • , m are available for us to choose. Let us 
define the sequence pi = A;, I = 0, 1, • • • , n and pi = A;, I = n + 1, • • • , m. 
Using Young's inequality 



l/*sll P = ll/IWIIMI 



we are directed towards the computation of the 1-norms of the kernels K m , 
which we achieve via the Cesaro means of hi 

^ m 

m (=0 



where 



Before we proceed we need a preliminary technical lemma: 
Lemma 3.1. Let (see 4-7.15]) 

7; (CT) = J 1 {i-ty- l / 2 \pl a \t)\ 2 dt 

2 1 - 2ff 7r T(l + 2a) 

Then, for I > 0, 

2( 3 - 2 ")^(2g-3)! (P, ( ^ X) (1)) 2 



di = dim Hi 



(q-l)\(q-2)\ 7 (»-D 
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Proof: Starting from ([3]), a straightforward calculation gives us 
2 (l + q-l)(l + 2q-3)\ 



(2q-2)\ 11 

2 2( 3 - 2 9)^((2(z-3)!) 2 f ((g ~ 2)!) 2 (f + g- 1)111 /(Z + 2q-3)! x 2 



(2g-2)! ((9-2)!) 2 \ 2^<Dtt {l + 2q-3)\ J V l!(2?-3)! 

(9-1)1(9-2)! • 

Using this last result and ((TJ) we see that 

q s, h) _ 2^7rj2g-3)! 1 ^ 5 p/^l^W) 
" ( ^ ~ (9-l)K9-2)! ^p) ' 

where cos ip = cos0cos</>, in other words are essentially the Cesaro means of the 
Gegenbauer polynomials. 

Using Equation 0, 4.5.3] and Lemma T3. II we have the following corollary of 



Theorem EU 

Corollary 3.2. The reproducing kernel for V n is 

r„((z,w)) = 2> = t n (g+1/2 , g _ 1/2) , 

1=0 r n 

with (z, w) = cos cos 0, where we recall that t n — dim('Pn)- 

To estimate these we use the the following results which are given in Bonami 
and Clerk 2, Page 230]. 

Proposition 3.3. If0<8<q then there is a constant C such that, 

In the remainder of this paper the number C will be used to denote a constant 
which is independent of n. 

The main result of this section is 

Theorem 3.4. For < 8 < q, 

l g-i-* ! ^< g -2, 

\S°J 1 <C{ (logn) 2 , 5 = g -l, 

1, 5>g. 
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Proof: Wc will provide a bound for 

ll^lli = / \S s n ((z,e))\df,(z) 

JS 2 i 
p2ir pir/2 

= cos0(sin0) 2 «- 3 |S£(cos0cos(£)|d6^ 
Jo Jo 

/>7T /*7r/2 

cos 0(sm 6f q - 3 \S 5 n (cos 6 cos <f>) \d6d<t>. 

o Jo 

Suppose that Q is the region ir/4 < 9 < ir/2 or ir/4 < <p < ir. Then cos 9 cos (p < 
l/\/2. Setting cost/; = cos 9 cos (p, we have n/4 < ip < 37r/4. Since, from 
Proposition 13.31 S^,(cosip) is bounded above for 7r/4 < ip < 3tt/A we have 

h = [ cos9{sm9) 2q - 3 \S s n {cos6cos(p)\d9d<p < C. (10) 

We break the remaining integral into 4 parts, (9,(p) £ [0,1/n] 2 , [0,1/n] x 
[1/n, 7r/4], [1/n, 7r/4] x [0, 1/n] and [1/n, 7r/4] x [1/n, 7r/4] which we call h,h, h 
and Is respectively. Firstly, since on [0, 1/n] 2 , cos#cos</> > cos 2 (1/n) > cos(3/n) 
(this is easy to check), we have 

/■1/n pl/n 

h = / cos (sin 0) 29-3 |S£ (cos cos < 

Jo Jo 

< Cn 2 ^ 1 / / cos0(sin0) 2<? - 3 d0 



< C. (11) 
Now, for the remaining integrals we observe that 

ip = arccos(cos 9 cos (p) 



< C(l — cos 9 cos < 



a/2 



since arccos(z) < C(l - z) 1 / 2 as z -> 1. Now, for < 9, cp < 1, 



3 2 \ / ^ 2 
1 - cos 9 cos 6 > 1 - 1 - — 1 - 



2 / V - 

32 , ±2 Q2jfi 



2 4 
2 + 2 
~ 4 ' 

If we use this last equation in ©, we see that 

\S 5 n {co$ip)\ < Cn 9 -*- 1 ^ - cos9cos(P)-^ +s ^ 2 < Cn q - S - 1 (9 2 + ^2)-(?+«)/2 _ 

(12) 
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We note that for any a, /3 > 0, 

(8 2 + cj) 2 )- {a+l3) < 0- 2a ^. 

We have 

/>7r/4 /"l/n 

h = 2 / / cos6»(sin6») 2 ^ 3 | > S'^(cos6'cos 

Jl/n JO 

/■l/n /•tt/4 

< Cn"- 1 - 5 / / 2 «- 3 (0 2 + 2 )-(9+ 4 )/ 2 d0#. 

JO A/n 

Now if <5 < g - 2, then 

7r/4 plfn /*7r/4 P^-/ n 

/ ^- 3 (0 2 + ( /» 2 )-(?+ 5 )/ 2 d^ < / / (0 2 + 2 )?- 3 / 2 -("+ 5 )/ 2 ^# 

l/n JO il/n JO 

,tt/2 

< / r {q - s ~ 3) rdr < C, 
Jl/n 

using a change to polar coordinates. If 5 = q — 1, we have (assuming g > 1 and 
using (6> 2 + 2 )-9 +1 < 6»- 2 '?+ 5 / 2 ( /,- 1 /2) 

l/n pit/ 4 /*l/ n /•tt/4 

/ 2 "- 3 (0 2 +0 2 )-9+ 1 /2 d ^ < / 0-l/ 2 d / -l/2 d0 

Jl/n JO Jl/n 

< c. 

If 5 = g, we have (using (6> 2 + 2 )-« +1 < 0-^+^/2^-1/2^ 

l/n /-7r/4 /"l/n /-7r/4 

/ e 2 ^ 3 (e 2 + 4> 2 )-Hed4> < / r 1/2 # / ^ 5/2 ^ 

Jl/n JO Jl/n 

< Cn. 

Putting these estimates for the integral into (fTTj) we have 

Ia<c{^ 1 " ^" 2 < (13) 

More straightforwardly, 

h = 2 / / cos0(sin6O 2g ~ 3 |5£(cos0cos 

Jl/n JO 

/•7r/4 /"l/n 

< Cn*- 1 - 6 / 6 2 ^{e 2 + 4> 2 r^' 2 d9d<t> 

Jl/n JO 
/•7r/4 /*l/ n 

< Cn"- 1 - 5 / 4>- q - s d<t> / (9 2< ^ 3 d<9 

Jl/n JO 

< £ n 9- 1 -' 5 +<Z+' 5 - 1 -2<?+2 _ £ 
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For the last integral 

p7r/4 fn/4 



/>7T/4 />7T/4 

h = 2 / / cos6»(sin6») 2,? - 3 | > S'^(cos6icos0)|d6i^ 

Jl/n Jl/n 

< Cn*- 1 -* \ ' f 1 6 2q - 3 (9 2 + 4> 2 )-^ +s ^ 2 d6d4>. (14) 



Jl/n Jl/n 

Now il S < q — 2, then 

* 4 r 4 2 9 - 3(0 2 + ^)-{i+s)/2 ded(f) < r 4 r /4 ( 2 + ^y-m-{i+^ ded(j) 

l/n Jl/n Jl/n Jl/n 

,tt/2 

< / r iq - 5 - 3) rdr < C. 

Jl/n 

If S = q — 1 we have 

7r/4 /-Tr/4 /■""/4 /"Tr/4 



l/n Jl/n Jl/n Jl/ 



7r/4 /■"'/4 

< / cTW / 9~ x dB 



l/n J 1 /n 

2 



< C(logn) 



For the last case, 5 = q, we have 



7r/4 /-it/4 /•"'/4 /•tt/4 

' ^- 3 (0 2 + ( /) 2 )-(?+ 5 )/ 2 d^ < / / ^- 3 (0 2 + ( /, 2 )- 2 9 



l/n Jl/n Jl/n Jl/n 

r7r/4: p-k/4 

< / <j)- 3/2 d<j) / 6» 3/2 rf6» 

Jl/n Jl/n 

< Cn. 

Hence, substituting the above estimates into (fl"4"|) , we see that 

«y<g-2, 

(logn) 2 , (5 = 9-1, (15) 
1, S = g. 

A simple inspection of the bounds (fl~0|) to (fl~5|) tells us that the bound for (p~4|) is 
the largest, giving the required result. Estimates for I e and I7 can be obtained 
similarly. ■ 



4. The Bernstein inequality 

The Laplace Beltrami operator on the complex sphere has eigenspaces Hi, 
with eigenvalue A; = 1(1 + 2q — 1), I = 0, 1, • • •; see e.g. Q. Thus the fractional 
order differential operator A has multiplers A; = (1(1 + 2q— I)) 7 / 2 . 
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Performing Abel summation q + 1 times on (J5J we get 



1 = 1 1=0 

where A°p k = p k , Ap k = p k - p k+x , and A J p k = A(A J ~Vfc): J =2,3,- 
Now let us define 



(16) 



1, < x < n, 

1 - C n , q £ \(y - n)(2n - y)\ q+1 dy, n<x< 2n, 
0, x > 2n, 



where 



In - 1 
9+1 



Cn, 9 = / |(y-n)(2n-y)r x dy 



(2g + 3)! 



n 2g+3(( g + 1 )!)2 



This last equations follows by making the change of variable ns = y — n in the 
above integral, giving 

/ \(y - n)(2n - y)\ q+1 dy = n 2 i+ 3 s q+1 {1 - sf +1 ds 

Jn JO 

= 1 i 2q+a B{q + 2,q + 2), 

where B is the Beta function. We now use B(u,v) = T(u)T(v)/T(u + v); (see 
[1, Page 258]). We have g € C^ 9+1 ^(R+), and a simple computation shows that, 
for 1 <j < q + 1, 

L0'+i)/2J 

g V)( x ) = C qin J2 Vk{{x-n){2n-x)) q+1 - 3+k {Z-2xy +1 - 2k , n < x < 2n, 

k=l 

and is zero otherwise. Here, the v k depend on q, and |_ - J denotes the integer 
part. Hence, for 1 < j < q + 1, we can bound 

\g {j) (x)\ < Cn- j . 

Let h(x) — (x(x + 2q — I)) 7 / 2 , and / = gh, and p k = f(k). We have then, for 
< k < n, p k = A fe . We observe that p € C (<Z+1) (JR+), where M + = {a; : x > 0}. 
We can estimate the difference 

\A l p k \<C max \f (l \x)\, I = 0, 1, • • • , q + 1. 

xe[k,k+l] 

Using Leibnitz rule we have, for n < x < 2n + 1, 



l/ (0 (*)l 



J2( l .)9 U) h {l ^(x) 

j=0 ^ 
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I 

3=0 



Therefore, for < I < q + 1, 



{k + l)~<- 1 , 0<k<n-l, 
\A l p k \<C{ rf- l+j , n-l<k<n + l, 
0, otherwise. 



If we substitute these estimates, with Theorem 13.41 into (|T6|) we see that, if 
m > 2n+ q + 1 (and so |A'p m _;| = 0, for I = 0, 1, • • • , q) 

m 

\\K m \\, < j2\ Aq+1 p^ c i\\ s ih 

1=1 

(n-q-1 2n+q+l 
l—l l—n—q 

< Cn 1 . 

Thus we have 
Theorem 4.1. For A ; = (1(1 + 2d- 1)) 7/2 , 

||Ap|| r < Cn 7 ||p|| r , l<r<oo, 

for every p € V n ■ 
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